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Abstract We study the black hole solution in Einstein-Maxwell-Gauss-Bonnet (EMGB)
gravity theory with a cosmological constant in five dimension. It is a generalization of
the Reissner-Nordström-de Sitter (RNdS) or RNAdS (Reissner-Nordström-Anti-de Sitter)
black hole solutions (according as the cosmological constant is positive or negative) in the
Einstein-Gauss-Bonnet (EGB) theory. We analyze the thermodynamic quantities of EMGB
black hole and find a restriction involving the charge and the cosmological constant for
the existence of an extremal black hole. Finally, Hawking-Page phase transition has been
discussed for the present black hole.
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1 Introduction

A thermodynamical system and a black hole are beautifully interrelated by the geometry of
the event horizon: Black hole temperature (known as Hawking temperature) is proportional
to surface gravity on the horizon while entropy is related to the area of event horizon [1, 2]
and they follow the first law of thermodynamics [3]. Although, the statistical nature of the
black hole thermodynamics is completely unknown, yet the thermodynamical stability of
the black hole is characterized by the sign of its heat capacity (cv). In fact, a black hole
is said to be thermodynamically unstable (as Schwarzschild black hole) if cv < 0 while if
cv changes sign in the parameter space such that it diverges [4] in between then ordinary
thermodynamics tells us a second order phase transition [5–7]. Further, for extremal black
hole there exists a critical point and phase transition takes place from an extremal black hole
to its non-extremal counter part.
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It is well known that the Schwarzschild black hole having negative specific heat is in an
unstable equilibrium with T the temperature of the heat reservoir [8]. In fact due to small
fluctuations the Schwarzchild black hole will either decay (to hot flat space) by Hawking
radiation or grow absorbing thermal radiation in the heat reservoir [9]. However it is possible
to have a thermodynamically stable black hole having positive specific heat through a phase
transition from thermal radiation [10, 11]. In this context, a mechanism of phase transition
was introduced by Hawking and Page [12] showing the transition between thermal AdS
space and Schwarzchild-AdS (SAdS) black hole [10, 11, 13, 14].

In this work, we check whether Hawking-Page (HP) phase transition occurs in EMGB
spaces. We analyze the thermodynamical variables namely heat capacity, free energy etc for
the possibility of a phase transition. Also we have studied the limiting values of the para-
meters involved to identify the properties of known black holes. The paper is organized as
follows: Sect. 2 gives the description of 5-D EMGB black hole while in Sect. 3 thermody-
namics of that black hole has been studied. The paper ends with discussion and conclusion
in Sect. 4.

2 5-D Black Hole Solution in Einstein-Maxwell Theory with Gauss-Bonnet Term

The action for 5-D EMGB theory [15–18] with a cosmological term � has the expression
in +3 signature (choosing G = 1 = c)

A =
∫

d5x
√−g

[
R − 2� − 1

4
FμνF

μν + αRGB

]
(1)

where

RGB = Rαβγ δR
αβγ δ − 4RμνR

μν + R2,

is the GB term, α is the GB-coupling parameter having dimension (length)2 and is related to
string tension as α−1. By variational principle (i.e., δS = 0) we obtain the Einstein-Maxwell
equations with GB term

Gμν + �gμν = T (EM)
μν + T (GB)

μν (2)

where

T (EM)
μν = FμαF

α
ν − 1

4
gμνFαβF αβ

is the usual electromagnetic energy-momentum tenor and

T (GB)
μν = α

[
4RαβRμανβ − 2Rμαβγ Rαβγ

ν + 4RμαR
α
ν − 2RRμν + 1

2
gμνRGB

]

is the effective tensor associated with the quadratic GB-term.
For 5-D spherically symmetric space-time with metric ansatz

ds2 = −B(r)dt2 + dr2

B(r)
+ r2d�2

3 (3)

the non-vanishing components of the modified Einstein field equations (2) has a possible
solution [16, 17]

B(r) = 1 + r2

4α
− r2

4α

√
1 + 16mα

πr4
− 8q2α

3r6
+ 4�α

3
. (4)
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Here the electric field is chosen along the radial direction, so that the non-vanishing compo-
nents of the electromagnetic tensor (Fμν ) in an orthonormal frame are

Ft̂r̂ = −Fr̂t̂ = q

4πr3
.

One may note that there is another possible solution for B(r) with positive sign in front of
the square root term in (4). But that solution never vanishes for any real r and positive α.
So we consider only the negative branch solution given by (4). If α is very small then the
metric coefficient B(r) can be approximately written as

B(r) � 1 − 2m

πr2
+ q2

3r4
− r2

l2
+ O(α) (5)

where l =
√

6
�

is the curvature scalar.
So, in the limit α → 0 the above solution reduces to the usual 5D Einstein-Maxwell

solution (i.e., Reissner-Nordström solution) with a cosmological constant. Thus in the solu-
tion (4) the two parameters m(> 0) and q are related to the mass and charge of the system.
Moreover, the solution (4) is well defined with a lower bound of r at r0 (say), i.e., the solu-
tion is valid for r ≥ r0 where r0 satisfies,

1 + 16mα

πr4
0

− 8q2α

3r6
0

+ 4�α

3
= 0. (6)

This lower limit of the radial coordinate, i.e., the hyper-surface r = r0 is essentially a cur-
vature singularity and the given solution will be a black hole solution if this singular hyper
surface is surrounded by the event horizon (having radius rh such that B(rh) = 0), otherwise
the solution describes a naked singularity.

For extremal EMGB black hole both B(r) and dB
dr

must vanish [19] at the degenerate
horizon and these conditions lead to

�r6
e − 3r4

e + q2 = 0 (7)

where re is the radius of the event horizon for extremal black hole. This cubic equation in
r2
e has the solution

r2
e = 1

�

(
1 + 2 cos

θ

3

)
(8)

where

cos θ = 1 − �2q2

2
and �2q2 < 4.

Here, re does not depend on the GB parameter α so this is extremal horizon radius also for
RNdS black hole. Further, at �2q2 = 4, we have r2

e =
√

3+1
�

while re = 0 for �q = 0. Note
that we could not find the extremal EMGB black hole for �2q2 > 4 and we call it as the
forbidden region for EMGB black hole. Thus 0 ≤ �2q2 ≤ 4 is the meaningful parameter
space for EMGB black hole.

The reduced mass M = 2m
π

defined by B(r) = 0 is given by

M(rh, q) = 2α + r2
h + q2

3r2
h

− �r4
h

6
(9)
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so the mass of the extremal black hole is given by

Me = M(re, q) = 2α +
(

r2
e

2
+ q2

6r2
e

)
. (10)

Note that if M > Me then there are more than one horizon while there will be degenerate
horizon at r = re for M = Me . But for M < Me , no horizon exists and we are left with a
naked singularity.

Moreover, for negative cosmological constant, the solution B(r) for small α takes the
form

B(r) � 1 − m

r2
+ q2

r4
+ r2

L2
+ O(α)

where L2 = − 6
�

is the square of the curvature radius in this case. So as α → 0, q → 0 we
have

B(r) = 1 − m

r2
+ r2

L2
(11)

which is nothing but the 5D topological AdS black hole [20, 21]. The extremality condition
(7) now becomes

�r6
e + 3r2

e − q2 = 0

which has the solution

r2
e = 1

�

(
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3
− 1

)
, cos θ = �2q2

2
− 1, 0 < �2q2 < 4

or

1
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2
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} 1
3
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− 1
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√
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4
− 1

} 1
3
⎤
⎦ ,

�2q2 > 4. (12)

Hence there is no forbidden region in this case and �2q2 = 0 should be the limit in both
cases (i.e., for positive � and negative �).

3 Thermodynamics of the EMGB Black Hole

The thermodynamics of EMGB black hole with cosmological constant is essentially an ex-
tension of the RNdS black hole (due to GB theory) in the canonical ensembles. The Hawking
temperature defined as TH = B ′(rh)

4π
, has the explicit expression

TH = (3r4
h − q2 − �r6

h)

6πr3
h(r2

h + 4α)
. (13)

The other relevant thermodynamic quantities at the event horizon are the following [19, 20]:

Bekenstein–Hawking entropy (SBH ) = V3r
3
h

4
= π2r3

h

2
,
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Electric potential (φ) =
(

∂M

∂q

)
S

= 2

3
qr−2

h ,

Heat capacity (cq) = TH

(
∂S

∂TH

)
q

=
3
2 π2r3

h(r2
h + 4α)(3r4

h − q2 − �r6
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[−�r8
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Free energy (F ) = 3V3

16π
M − TH .SBH

= V3

48π

[�
2 r8
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r2
h(r2
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,

ADM mass (or energy) ME(or E) = 3V3M

16π
= F + TH SBH = 3

8
πM

where V3 = 2π2 is the volume of a unit three sphere. One may note that the ADM mass and
the parameter ′m′ are related to the black hole mass M only by a multiplicative factor.

We now present the above thermodynamical quantities for the limiting case α → 0, q →
0. So we have,

M → r2
h

(
1 − r2

h

l2

)
,

TH → 1

2πrh

− rh

πl2
,

(15)

cq → 3SBH

(
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2r2
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)
,

F → V3r
2
h

16π

(
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h

l2

)
.

One can check that these thermodynamical parameters are same as those of Schwarzchild-
de Sitter (SdS) black hole [20].

Note that if we replace � by −� then we obtain the thermodynamical quantities for
EMGB black hole with a negative cosmological constant. Now in the limit α → 0, q → 0
the thermodynamical quantities become

M → r2
h

(
1 + r2

h

L2

)
,

TH → 1

2πrh

+ rh

πL2
,

(16)

cq → 3SBH

(
2r2
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2r2
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)
,
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2
h

16π

(
1 − r2

h

L2

)
,

which as expected correspond to 5D Topological Anti-de Sitter (TAdS) black hole [20].
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Moreover, if we choose the positive branch solution of the modified Einstein field equa-
tions (2) with the metric (3) then for negative GB coupling parameter α the solution de-
scribes a black hole with thermodynamical quantities given by (9), (13) and (14) with −α

in the place of α. The analysis will be very similar and as before we have respectively SdS
black hole and TAdS black hole as |α| → 0 for positive and negative �.

4 Discussion and Conclusion

We shall now analyze the thermodynamical quantities graphically. From Fig. 1(a) we see that
TH vanishes at rh = r1 and rh = r2 and there is a maximum at rh = rm where r1 < rm < r2.
The graph of cq (Fig. 1(b)) shows that for small rh, cq is positive and gradually blows up at

Fig. 1 (a), (b) and (c) show the
variation of T , cq and F with
respect to rh while (d) shows the
variation of F with the variation
of TH

(a) TH − rh curve for � = 0.1, α = 0.1, q = 0.01

(b) cq − rh curve for � = 7.5, α = 0.1, q = 0.01
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Fig. 1 (Continued)

(c) F − rh curve for � = 30, α = 0.1, q = 0.01

(d) F − TH curve for � = 0.1, α = 0.01, q = 0.01

r = rs1 (say) and then changes sign so that cq becomes negative. Again it gradually increases
and becomes positive at r = rs2 (say). So at r = rs1 , there will be a possible phase transition
from stable black hole solution to a unstable one. In the limit α → 0, � → 0, q → 0 the
phase transition leads to unstable Schwarzchild black hole. The graphical representation of
the free energy (F ) (Fig. 1(c)) against rh shows that F remains positive having two local
minimum and a local maximum. Although cq changes sign (from positive to negative and
then again positive) but F remains positive so the black hole considered here is a unstable
one. Also considering local stability we say that a stable small black hole becomes a unstable
intermediate black hole in rs1 < rh < rs2 and then again becomes stable large black hole for
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Fig. 2 (a), (b) and (c) show the
variation of T , cq and F with
respect to rh while (d) shows the
variation of F with the variation
of TH for � = −5 (for the first
three) and −4.5 (for the (d)
case), α = 0.01, q = 0.01

(a) TH − rh curve

(b) cq − rh curve

rh > rs2 . The variation of F with TH (see Fig. 1(d)) shows no crossing or double point and
hence no Hawking-Page phase transition is possible in this case.

When the cosmological constant is negative then in the limit α → 0, q → 0 we have
topological AdS black hole. The graphical representation of the thermodynamical quantities
can be interpreted as follows: The Hawking temperature (in Fig. 2(a)) starts from zero at
small rh (= rh0 , say) increases sharply reaches a local maximum (at rm1 ) and then decreases
gradually to a local minimum (at rm2 ) and finally increases steadily. The graph of cq (i.e.,
Fig. 2(b)) is very peculiar: It starts from small positive value and increases sharply to +∞
at rh = r∞1 (say) and then changes sign and then decreases to −∞ at rh = r∞2 (say) and
becomes positive. The free energy (F ) (in Fig. 2(c)) however, starts from a very large value
falls to local minimum at rh = rf m1 and then increases gradually to a local maximum at
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Fig. 2 (Continued)

(c) F − rh curve

(d) F − TH curve

rh = rf m2 and finally decreases and becomes negative at rh = rf 0. As cq changes from
positive to negative and then again positive in going through singularities of cq so two phase
transitions are possible − one from small stable black hole to unstable intermediate black
hole and then next transition from unstable intermediate black hole to stable large black
hole. The second phase transition is from (cq < 0,F > 0) to (cq > 0,F < 0) and may be
identified as Hawking-Page phase transition. Finally, the graphical representation (Fig. 2(d))
of F against TH also shows two possible phase transitions at the two double points.
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